An unexpected connection exists between compatibility criteria for quantum states and symmetric informationally complete POVMs. Beginning with Caves, Fuchs and Schack's "Conditions for compatibility of quantum state assignments" [Phys. Rev. A 66 (2002), 062111], I show that a qutrit SIC-POVM studied in other contexts enjoys additional interesting properties. Compatibility criteria provide a new way to understand the relationship between SIC-POVMs and mutually unbiased bases, as calculations in the SIC representation of quantum states make clear. Along the way, I correct two mathematical errors in Caves, Fuchs and Schack's paper. One error is a minor nit to pick, while the other is a missed opportunity.
This note presents an unforeseen connection between two subjects originally studied for separate reasons by the Quantum Bayesians, or to use the more recent and specific term, QBists [6] . One of these topics originates in the paper "Conditions for compatibility of quantum state assignments" [4] by Caves, Fuchs and Schack (CFS). Refining CFS's treatment reveals an unexpected link between the concept of compatibility and other constructions of quantum information theory. This also provides an opportunity to correct two mathematical errors in CFS, one of which is consequential, as it introduced an inconsistency into CFS's calculations and obscured the connection which we shall examine here.
We begin by taking up the question of what it means for probability distributions to be compatible with one another. Consider a thoroughly classical scenario, in which Alice and Bob are gambling on the outcome of a coin toss. Both Alice and Bob are certain the toss is rigged, but Alice is convinced that the outcome will be heads, while Bob is equally steadfast in maintaining that it will be tails. That is, p A (H) = 1 and p A (T ) = 0, while p B (H) = 0 and p B (T ) = 1. No matter which way the coin lands, one party will be disappointed-or, depending on the stakes, bankrupt.
We can equally well present a single-user version of this scenario. Imagine that Alice, and only Alice, is gambling on the coin flip, and that conditional on some other information, she will choose to do so in accord with either the probability distribution
or the alternative,
For example, Alice may be confident that the toss will be rigged and that she can deduce which way it will be rigged once she can observe the handedness of the coin-tosser. The incompatibility between p A and p A is then relevant to Alice, regardless of the presence or absence of other players.
Having formulated the scenario in single-user terms, we can develop a quantum analogue; a single-user statement avoids the conceptual problem of whether an event occurring for a quantum Alice could itself be an event for any other agent [6] . The quantum version of this kind of incompatibility is a condition on pairs of quantum states. Take two density matrices ρ A and ρ A . If there exists a measurement {E i } such that
then ρ A and ρ A are called post-Peierls incompatible [4] . If two states are post-Peierls (PP) compatibile, then for all experiments, there is at least one outcome for which both states yield nonzero probability via the Born rule. We can naturally extend this criterion to sets of more than two quantum states. In general, a set of N states is PP incompatible when, for some experiment
A von Neumann measurement is a POVM with d possible outcomes, specified by a set of d orthonormal vectors in Hilbert space. In terms of projection operators, each von Neumann measurement comprises d one-dimensional orthogonal projectors. Therefore, compatibility with respect to von Neumann measurements is known as PP-ODOP compatibility [4] . When we formulate an exact criterion for PP-ODOP compatibility of qutrit pure states, i.e., pure states in d = 3, we find something interesting.
In the next two sections, we will examine PP-ODOP compatibility in more detail and find a connection to another topic of much interest to the QBist research programme. For completeness, we note that compatibility criteria have also recently entered the quantum foundations discourse through a different route. They play a key role in discussions of whether quantum states can be treated as encoding information about the values of hidden variables [8, 10] . In this paper, we disregard the issue of hidden variables and treat quantum states as directly specifying the probabilities of experiment outcomes.
II. THREE PURE STATES IN DIMENSION THREE
It is possible to have triplets of states which are PP-ODOP incompatible when taken all together, even though they are compatible when taken in pairs. CFS provide a specific example, which for convenience we reproduce here. Pick an orthonormal basis {|1 , |2 , |3 }, and consider the following three possible states which can be ascribed to a qutrit:
Now, Alice the graduate student performs a von Neumann experiment in the computational basis of {|1 , |2 , |3 }. Whatever result she experiences, there is a state in the set {|ψ , |ψ , |ψ } for which that experience would be a crushing disappointment.
A general set of three pure states {|ψ , |ψ , |ψ } is PP-ODOP incompatible at the tertiary level if some orthonormal basis {|1 , |2 , |3 } exists such that |ψ = e iχ cos θ|2 + e iφ sin θ|3 ,
|ψ = e iχ cos θ |1 + e iφ sin θ |2 .
The three θ angles are restricted to the interval (0, π/2), while the χ and φ angles must all lie in the interval [0, 2π). Taking the inner products picks out one basis vector per pair:
This is the first of two mathematical errors in CFS: because the φ-dependent phase factors come from the bra vectors rather than the ket vectors, the sign in the exponential should be negative, instead of positive as written in CFS's equation (19). The sign error cancels in the next step, which is to multiply these quantities by their complex conjugates, yielding
After some algebra, one can prove from Eq. (8) that three pure states in d = 3 are PP-ODOP incompatible if and only if
This is the second error in CFS: the latter inequality should be ≥ rather than >, as written in CFS's formula (28). This is the more consequential error, since if the inequality is strict, then the example of three-party PP-incompatible states which CFS provide-our triplet (5)-is not consistent with CFS's compatibility criterion. The error originates in CFS's expression (23), by neglecting zero as a possible value under the radical in the quadratic formula.
III. QUTRIT SIC POVMS
The second inequality has a more intricate structure than the first. What happens when we try to saturate it? Suppose we require that the three squared overlaps all have the same value, x. Then saturating the second inequality implies that x satisfies the cubic equation
This cubic polynomial has a zero at x = 1 4 , and a double zero at x = 1, which is disallowed by the requirement that the states are nonidentical.
How many states can we push simultaneously to the edge of PP-ODOP incompatibility in this way? That is, how many states in qutrit state space can we find such that for any two of them,
This is the problem of finding the maximal set of equiangular lines in three-dimensional complex vector space.
Beginning with the question of compatibility among probability distributions, we have arrived at Symmetric Informationally Complete POVMs [6, 9, 12, 16] . A SIC for a ddimensional Hilbert space is a set of d 2 operators
It is known that SICs are maximal in this regard, i.e., no more than d 2 operators can simultaneously satisfy Eq. (13) . For qutrits, this means that a set of states such that any three saturate the edge of PP-ODOP incompatibility can contain at most nine states.
We have shown that any triple of states chosen from a qutrit SIC will be PP-incompatible. One might expect that a large number of different von Neumann measurements would be required to cover all the possible choices of triples, perhaps comparable to the number of triples themselves. Surprisingly, this is not the case; our toolbox can be much more economical. Take ω = e 2πi/3 and ω to be its complex conjugate, and construct the following set of states:
The set of nine states {|ψ i } forms a SIC [5] for which a set of four orthogonal bases is sufficient to reveal the PP-incompatibility of all possible triples. Moreover, the requisite bases are mutually unbiased with respect to each other. Any set of three states drawn from the SIC will be revealed PP-incompatible by a measurement in one or more of the Mutually Unbiased Bases (MUBs). We construct each MUB vector by finding a state orthogonal to three of the SIC states. Specifically, each MUB vector corresponds to an element in a Steiner triple system [3] of order 9, which we build by cyclically tracing all the horizontal, vertical and diagonal lines in the array 1 2 3 4 5 6 7 8 9
; that is to say, S 
Each possible value of the index i occurs in exactly four entries of S (9), and each possible pair of index values occurs exactly once. It is easiest to see the meaning of this construction using the SIC representation of quantum states. Any quantum state, pure or mixed, is equivalent to a probability distribution over the outcomes of an informationally complete measurement, and the qutrit SIC of Eq. (14) furnishes such a measurement. An arbitrary qutrit density matrix ρ can be decomposed as
where Π i = |ψ i ψ i | and p(i) is the Born-rule probability
To construct the state orthogonal to SIC vectors |ψ i , |ψ j and |ψ k , we simply write a probability vector p which is zero in entries i, j and k, and everywhere else. To see why this construction yields a complete set of MUBs, we use the fact that the Hilbert-Schmidt inner product of density matrices is just an affine transformation of the Euclidean inner product of the corresponding probability distributions [6, 7] . For qutrit states, tr ρσ = 12 p · q − 1.
This means that if ρ and σ are orthogonal, then p · q = 1/12.
With this, we can see that the vectors orthogonal to (123) and (456), for example, must be orthogonal to each other, because when we take the dot product of their SIC representations, we only have three nonzero contributions. If instead we take the vectors orthogonal to (123) and (147), say, a zero in one vector coincides with a zero in the other, so the dot product can come out larger. These within-row and between-rows relationships hold generally. Each row corresponds to a set of three mutually orthogonal vectors, and when we take vectors from two different rows, we always get the same nonzero overlap: the Hilbert space inner product of their density matrices is always 1 3 . We have fashioned a complete set of mutually unbiased bases. Starting with the SIC (14), we constructed 12 pure states which fall into four sets of three. Each set of three, corresponding to a row in our table, is an orthonormal basis. When we take the inner product of a state from one basis with a state from another, we get 1 d every time. This is the requirement for two bases to be mutually unbiased. (In older language, the observables associated with any two such bases are complementary [11] .) What's more, we constructed d + 1 MUBs, which is the largest number which can possibly exist in d dimensions [1] . While the relation between qutrit SIC and MUB states has been known for some time [2, 5] , the convenience of the SIC representation has so far not been appreciated.
Given any three distinct elements from the SIC set, a measurement in at least one of the MUBs will reveal PP-ODOP incompatibility among those three states. For example, say we pick the SIC elements |ψ 1 , |ψ 2 and |ψ 5 . Then we measure in the basis given by the vectors orthogonal to the third row: (168), (249), (357). Each possible outcome of the experiment conflicts with one of the three given states: the first with the state ascription |ψ 1 , the second with the ascription |ψ 2 and the third with |ψ 5 . So, we have PP-ODOP incompatibility at the ternary level, while of course any two distinct states in the SIC are pairwise compatible, having an inner-product-squared of 1/(d + 1) = 1/4.
